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Abstract. The aim of this work is to study the asymptotic behavior of a structure made of plates of thickness 28 when 8— >0. 
This study is carried on within the frame of linear elasticity by using the unfolding method. It is based on several decompositions of 
the structure displacements and on the passing to the limit in fixed domains. 

We begin with studying the displacements of a plate. We show that any displacement is the sum of an elementary displacement 
concerning the normal lines on the middle surface of the plate and a residual displacement linked to these normal lines deformations. 
An elementary displacement is linear with respect to the variable X3. It is written hi (x)-\-lZ(x) /\x^e^ where IA is a displacement of the 
mid-surface of the plate. We show a priori estimates and convergence results when <5 — ^-0. We characterize the limits of the unfolded 
displacements of a plate as well as the limits of the unfolded of the strained tensor. 

Then we extend these results to the structures made of plates. We show that any displacement of a structure is the sum of an 
elementary displacement of each plate and of a residual displacement. The elementary displacements of the structure (e.d.p.s.) coincide 
with elementary rods displacements in the junctions. Any e.d.p.s. is given by two functions belonging to i? 1 (S;K 3 ) where S is the 
skeleton of the structure (the plates mid-surfaces set). One of these functions : IA is the skeleton displacement. We show that IA is 
the sum of an extensional displacement and of an incxtcnsional one. The first one characterizes the membrane displacements and the 
second one is a rigid displacement in the direction of the plates and it characterizes the plates flexion. 

Eventually we pass to the limit as 8— >0 in the linearized elasticity system, on the one hand we obtain a variational problem that 
is satisfied by the limit extensional displacement, and on the other hand, a variational problem satisfied by the limit of incxtcnsional 
displacements. 

Resume. Lc but dc cc travail est d'etudier lc comportcment asymptotique d'unc structure formcc de plaques d'epaisscur 28 lorsquc 
§— ^0, Ccttc etude est mence dans le cadre dc l'clasticitc lineaire en utilisant la mcthodc de l'eclatcmcnt. Elle est bascc sur plusicurs 
decompositions des deplaccments dc la structure, et sur le passage a la limitc dans des domaincs fixes. 

On commence par une etude des deplaccments d'unc plaque. On montre que tout deplaccmcnt d'une plaque est la somme d'un 
deplaccmcnt elementaire concernant les normales a la surface moyenne de la plaque et d'un deplaccmcnt rcsiduel lie aux deformations de 
ccs normales. Un deplaccmcnt elementaire est affmc par rapport a la variable x$, il s'ecrit 14{x)-\-TZ{x) /Sx^e^, ou hi est un deplaccmcnt 
de la surface moyenne dc la plaque. On ctablit des estimations a priori et des rcsultats dc convergence lorsquc 8— >0. On caractcrisc les 
limitcs des eclates des deplaccments d'une plaque, ainsi que les limites des eclates du tenseur des deformations. 

On ctend ensuite ces rcsultats aux structures formccs de plaques. On montre que tout deplaccmcnt d'une structure est la somme 
d'un deplaccmcnt elementaire de chaquc plaque et d'un deplaccmcnt rcsiduel. Les deplaccments clcmentaircs dc la structure (d.e.s.p.) 
coincident avee des deplaccments clcmentaircs dc poutrcs dans les jonctions. Tout d.e.s.p. est donnc par deux fonctions appartenant 
a i? 1 (S;ffi 3 ) oil S est le squelette de la structure (l'ensemble des surfaces moyennes des plaques). L'unc de ces fonctions : IA est le 
deplaccmcnt du squelette. On montre que 14 est la somme d'un deplaccmcnt extcnsionnel et d'un deplaccmcnt inextensionncl. Lc 
premier caractcrisc les deplaccments mcmbranaires des surfaces moyennes, le second est un deplaccmcnt rigidc dans la direction des 
plaques; il caractcrisc la flexion des plaques. 

Pour finir on passe a la limitc pour <5— »■() dans lc systcmc dc l'clasticitc lineaire, on obticnt d'une part un problcmc variationncl 
vcrific par la limitc des deplaccments cxtcnsionncls, et d'autre part un probleme variationncl vcrific par la limite des deplaccments 
incxtcnsionncls. 
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1. Introduction 

Many articles and books have been dedicated to the mathematical justification of plates models (see 
for example [1,2]). A first study concerning the asymptotic behavior of a structure made of two thin plates 
of thickness e, is due to Le Dret [7]. The obtained asymptotic model derives from the three-dimensional 
system of elasticity thanks to a thin domain standard technique (the plates are transformed into a fixed 
domain). At the limit, Le Dret obtains a two-dimensional system coupling the flexion displacements of the 
two mid-surfaces of the plates. 

Our study continues [4] and [5]. In this paper we use again the notions of elementary displacements 
and of extensional and inextensional displacements and we extend them to the plates displacements and to 
the displacements of structures made of plates. Our paper is organised into three parts. In the first one we 
study the displacements of a plate, the second one is devoted to the displacements of a structure made of 
plates from which we deduce the asymptotic behavior of a structure made of thin plates. And in the third 
part we prove the technical lemmas used in the two first parts of our paper. 

In Section 2 we consider a plate of thickness 26. We first introduce the elementary displacements of a 
plate (Definition 2.1). These are the displacements of the normal lines of the mid-surface of the plate. An 
elementary displacement is linear with respect to the variable X3. It is written U(x) + IZ(x) A where 
U is a displacement of the mid-surface. By such a displacement the normal line is transformed into a line 
which is generally no longer perpendicular to the mid-surface. With each displacement u of the plate we 
associate an elementary displacement U e (Definition 2.2). Theorem 2.3 gives estimates of appropriate norms 
of U e and of the displacement u — U e in terms of 6. Using the elementary displacement U e we show (formula 
(2.3)) that the displacement u is the sum of a Kirchhoff-Lovc displacement and of a residual one u, which 
satisfies estimate (2.4). We are now equipped to obtain the asymptotic behavior of a displacements sequence 
(ug) s>0 with strain energy of order S. This is the main result of this section and it is given in Theorem 
2.6. The previous decomposition allows us to give a simple interpretation (see Theorem 2.6) of the limits of 
the unfolding Ts(jij{us)) of the strain tensor jij(us) (where the unfolding operator Ts is given in Definition 
2.5) in terms of the derivatives limits of the Kirchhoff-Love displacements and of the residual displacements. 
There is not a unique associated elementary displacement that satisfies estimates (2.2). In Definition 2.2 we 
give the simplest one. But the one we give in Definition 2.9 is more suitable for the study of a structure 
made of plates. 

The structure S$ made of plates of thickness 26 is introduced in Section 3. Our hypotheses about 
the skeleton of the structure S (i.e. the plates mid-surfaces set) allow us to consider a wide range of 
structures. We extend to them the notions and decompositions of Section 2. Definition 3.1 gives us the 
elementary displacements of plates-structure (e.d.p.s.). These displacements coincide with elementary plate 
displacements in each plate and there are rods elementary displacements in the junctions (see [5]). Any 
e.d.p.s. is known by two functions belonging to i? 1 (S;M 3 ). The first one U is the skeleton displacement, 
the second one gives the rotations of the normal lines of the mid-surfaces. We show that U is the sum of an 
extensional displacement and of an inextensional one (Definitions 3.6 and 3.5). The first one characterizes 
the membrane displacements and the second one is a rigid displacement in the direction of the plates and it 
characterizes the plates flexion. Corollary of Lemma 3.7 gives estimates for them with an appropriate norm. 
In subsection 3.4. we consider an e.d.p.s. sequence (us) s>0 with strain energy of order S. Thanks to all 
these decompositions we give the limits of the unfolding Ts{jij{us)) of the strain tensor as in the case of a 
plate. We also characterize the space of the inextensional limits displacements. In the last subsection, we 
give the limit for <5 — > of the linearized elasticity system (3.9), written in Ss, where the applied forces F$ 
satisfy assumptions (3.11). The main results are Theorem 3.8 and Theorem 3.10. In the first one we show 
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that the extensional displacement limit is the solution of a second-order system, and in the second one we 
show that the limit of the inextensional displacement is the solution of a fourth-order system. 

In this work we use the Einstein convention of summation over repeated indices. As a rule, the Greek 
indices a and (3 take values in {1, 2} and the Latin indices i, i , j and j take values in {1, 2, 3}. 

2. The plate displacements 

2.1. The elementary plate displacements 

The Euclidian space M 3 is related to the frame (O; e*i, e 2 , e 3 ). Let uj be a bounded domain in K 2 with a 
lipschitzian boundary. The plate ilg = ujx] — S,S[, S > 0, is the open set having as middle surface u> and 
as thickness 28. The direction of the normal lines of uj is given by e 3 .The reference plate is the open set 
= wx]-l,l[. 

The running point of VL$ (respectively f2) is denoted x = (xi,x 2 ,x 3 ) = (x,x 3 ), (resp. (x, t 3 )) where x G uj 
and t 3 e] - 1, 1[. 

For any open set oj of K", n G {2, 3}, and any displacement u belonging to H 1 (uj , R"), we put 



<<■-'' ) -- j , 7y(«by(«). 7y(u) = \{^~ + V(u,J) = j 



dui dui 
dxj dxj 



Definition 2.1 : An elementary plate displacement (e.p.d.) is an element $ belonging to H^fas: 
such that 

<l>(x) = A(x) + B(x) A x 3 e 3 , a.e. x = (x, x 3 ) e ujx] — S, S[= fig, 

where A and B belong to -ff 1 (w, K 3 ); A is the first component and B the second component of the e.p.d. 

Elementary plate displacement associated with a displacement of if 1 (^5,R 3 ). 

Definition 2.2 : With any displacement u <G H 1 (Q$,M. 3 ), we associate the elementary plate displacement 
U e defined as 

' U e (x) = U{x) + TZ(x) A x 3 e 3 , x = (x, x 3 ) E fig, 

< I r 5 3 r s 

U{x) = — J u(x,x 3 )dx 3 , ^(^^263 J _ x 3e 3 Au(x,x 3 )dx 3 . 



(2.1) 



The component TZ 3 of 1Z is equal to 0. 

Theorem 2.3 : The elementary plate displacement U e verifies 



(2.2) £(U e , n s )+V(u - U e ,Q 5 ) + ^\\u - U e \\ 2 L2{Q5 m3) < C£{u,n 5 ). 
The constants depend only on oj. 

Proof : See Annex A. □ 

Proposition 2.4 : Any displacement u belonging to H 1 (Sl$, R 3 ) is the sum of a Kirchhoff-Love displacement 
and a residual one u 

(2.3) u(x) = (Ui(x) - x 3 ^^-(x)jei + (u 2 (x) - x 3 *^-(x)je 2 +U 3 (x)e 3 + u(x), x G Vt 5 , 

whereU is the first component of the e.p.d. U e . The residual displacement u belongs to L 2 (uj, H 1 Q — S, S[, 
and verifies 
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( 2 - 4 ) ^Nliwa) + — „<c£(u,n s ) 



du 



dx 3 
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i 2 (n 5 ,«3) 



Proof : We define u by 

u(x) = u(x) - (Ui(x) - x 3 |^(x)^ei - (u 2 (x) - x 3 ^^(x)j e 2 - U 3 {x)e 3 . 



dU 3 



This displacement belongs to L 2 (u>, H 1 ^ — S, S[, M 3 )). We obtain (2.4) using the estimates of Theorem 2.3.D 
2.2. Limit of a plate displacements sequence. 

Definition 2.5 : The unfolding operator Ts from L 2 {n s ,W l ) into L 2 (n,R n ) is defined by 



(2.5) 



Ts((j>)(x,t 3 ) = <p(x,5t 3 ), a.e. in fl. 



For any element <f> <G H 1 (Qs), we have Ts{(f)) € H X {£L) and 



(2.6) 



dXr 



Theorem 2.6 : Le£ ( u s) s>Q be a sequence of displacements of H 1 (Qs,^ 3 ) verifying 



(2.7) 



£(u s ,n s ) < cs. 



There exist (as,bs) £ I 3 x R 3 and extracted sequences (still denoted in the same way), such that 
[Ui t s - 01,5 +0:263,5 Ui, U 2 ,s - a 2 ,s - xib 3iS U 2 weakly in H x (uj) 



(2.8) 



^{^3,(5 - 03, 8 + x\b 2 ,s — x 2 bi t s} — 1 U 3 weakly in H {uj). 



Moreover U 3 belongs to H 2 {uj). We have the following weak convergences of the unfolded of us, us and of 
the components of the strain tensor : 



(2.9) 



Ts(u lt s ~ ai,a + x 2 b 3tS ) Ui - t 3 



dU 3 
dxi ' 



Ts(u 2 ,5 - 02, <5 - xih,s) U 2 - t 3 d 



dx 2 ' 



5Ts(u 3 .s - a 3i s + x x b 2 ,s - x 2 h t s 
1 



-Ts(u s ) 



U 3 , weakly in H 1 ^), 
weakly in L 2 {uj,H 1 (] — 1,1[,R 3 )), 



Ts( laP (us)) -( + _ j - *3^-, T S ( la3 (u 5 )) - - — 



75(733(W5)) 



du 3 
dt 3 



weakly in L 2 (Q). 



Proof : With each us we associate the e.p.d. U e ,s with components Us and 1Z$. From (2.4) the displacement 

C C 

Mm s = U\se\ + U 2 se 2 has a strain energy £{Ums,u) < —£(U e s,^s) < -f£(us,£lg) < C. The classical 



Korn inequality applied to Um 5 affirms the existence of a rigid displacement ru six) = [ 0,1,(5 , 3,<5 2 ), 

' ' \ a 2,s + b 3 .sxi J 

such that 

C 

\\Um,s - fM,s\\ 2 L^(u,9?) + V{U M ,8 - r M ,s,u) < C£(U M ,5,u) < -j£(u6,tt s ) < C. 
If b a ^s is the mean of TZ a ,s on u>, we obtain from the Poincare-Wirtinger inequality 



C 



c 



\n a ,5 - KA\l*(u) ^ c 'll v '^«,'5ll[L2 (w)] 2 < -^£(us,n s ) < ^ 



The estimate of £{U e ,s, Sis) obtained in Theorem 2.3, gives 



(2.10) 
hence 



dU 



3,5 



dxi 



K 



2.5 



92,5 



L 2 (u 



^-K h5 2 < ^£(us,n s ) < C, 

OX 2 L 2 (ui) 5 



dU 



3,5 



dx 2 



C 



C 



Now we apply the Poincare-Wirtinger inequality to the function U^s + b 2 ^x\ — 6i,5#2- There exists a 3y s such 
that 



C 



\\Uz,s - a-3j + h,sxi - bi t sX2\\ L 2^ < -^£(us,Sl s ) 



< 



C_ 
S 2 ' 



The sequences Um,s ~ fM,s, ${^3,5 - «3,5 + ^2,5^1 - b is x 2 ], S(TZ a ^ - b a ,s) and -Ts(u s ) are bounded in 
i? 1 (w,R 2 ) (respectively H 1 ^) and L 2 (u,H 1 (] — 1,1], R 3 )). We extract from these sequences some subse- 
quences, still denoted in the same way, such that 

' Ui,s ~ +x 2 b 3tS Ui, U 2 ,s - a-2,s - xib 3 ,s U 2 weakly in H l (w), 
<H^3,5 - 0,3,5 +xib 2t s - £261,5} U 3 weakly in H 1 ^), 
S(TZ a ,s — b a> s) — 1 Tt a weakly in iJ x (o;), 

\Ts{u s )^u weakly in L 2 (w,H 1 (] - 1,1[, 
v 



(2.11) 



The limits of the sequences <$| - 3:<? + 7^2,5 1 and <jj 
equalities 



dU 



3,5 



(2.12) 



dU 3 
dxi 



= -n 2 , 



dx 2 

dU 3 
dx 2 



7^1,5 j are equal to zero by (2.10), hence the 



and the belonging of U 3 to H 2 (uj). From the limits (2.11) and from the equalities (2.12) we immediately 
deduce the limits of the unfolded 75(^1,5 — 01^ + ^263,5), Ts(u 2 j — a 2 , 5 — £163,5) and 8Ts(u 3 ,s — 03,5 + 21 62,5 — 
x 2 b 1 ,s) in H^Q). 

To calculate the components of the strain tensor we use the equality (2.3) 



d 2 U 



3,5 



+ 



1 fOU a . S 0U 3 .s \ 

7 « 3W = 2l^7 + fe7}' 733(U5) = dx. 



2 l dxfj ' dx a J dx a dxp 

1 r <9m 3 .,5 1 9u 3 .5 

- + -TT— h 733(M5) = — 



1 f ^Mq,5 d^/3,5 j 

2 I <9ir a /' 



These equalities are transformed through unfolding. All the sequences Ts {lij(us)) are bounded in L 2 (Sl) and 
they have a limit in which can be explained thanks to the convergences (2.11) and the equalities 

(2.12) . Hence the last limits of (2.9). □ 

Remark 2.7 : We consider again the sequence of displacements (v>s) s>0 of Theorem 2.7. We put (U e S ) s Q 
another sequence of e.p.d. verifying 

(2.13) £{u' e>s ,n 5 ) + v(us - u' e>5 ,n 5 ) + 1|K - K s \\ 2 LHne ^ 3) < C£(u s ,n s ) < cs, 

where the constant is independent on S. Then we obtain 

11% -^5lU 2 (w,B 3 ) < C8 \\R-a,S ~ ^•a,5lU 2 (aj) < C. 
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The displacement us is decomposed now into the sum of a new Kirchhoff-Love displacement and a new 
residual one u s 



us 



dU 



x 3 - 



3.i 



ei 



(«2 



2.8 - x 3- 



0X2 



The displacement u s verifies the inequality ||M$||f,2(n 4l R3) + 5 Z 
subsequences expressed by the same notation, we obtain the convergences 



dx 



) e*2 + ^3,563 + u g 

< C8 3 . After extraction of 



du s 2 



L 2 (0 5 ,«3) 



Us-U s ^0 5(K S -K S 



strongly in L 2 (w,R 3 ) 



-Ts{us)^u weakly in L 2 (u, H 1 (] - 1, 1[, M 3 )). 



The limits of the unfolded 75(713(115)) give = Except for the limit of the sequence of the unfolded 
l/STs(us), the limits (2.8) and (2.9) do not depend on the decomposition of the displacement us into the 
sum of an e.p.d. and a residual displacement. What matters is to be able to approximate us with the help 
of an e.p.d. that verifies the estimates (2.13). It is to be noticed that the mere knowing of the limits of the 
unfolded of the stain tensor components of the sequence (us) s>() is not enough to determine completely the 
residual displacement u. It is obtained but for a function of L 2 (w,R 3 ). 

2.3. A second decomposition of a plate displacement 

We consider now a round-rimmed plate Sl g with a middle surface us- We denote 

S]i = {xeR 3 dist(x,u) < 6 }, T s = {x e R 3 \dist(x,duj) < 6)} 
tt s = {x e R 2 \ dist(x,u>) < 26 }x] - 6,S[= w 2 jx] - S,S[. 

Lemma 2.8 : For any 6 g]0,5o], there exists an extension operator Vs, linear and continuous from 
if^fij.R 3 ) into H 1 ^,^ 3 ) such that 



(2.14) 



?M U W = u, 



£{Vs(u),n 5 ) < cs(u,n s ) 

£(Vs(u),h 5 \n s ) < C£(u,T 5 ) 



The constants do not depend on 5. 
Proof : Sec Annex B. 

The extension of u to O5 is still denoted u. 

A second elementary plate displacement associated with a displacement of i? 1 (ri (5 , R 3 ). 
Definition 2.9 : With any u G H 1 (Q S ,M. 3 ) we associate the e.p.d. U e defined by 



(2.15) 



U e (x) = U {x) + K (x) A x 3 e 3 , x e Q s , 



i(M)dM, K 



IB(x-S/2) 

Theorem 2.10 : We have the following inequalities: 

dU 



\ X ) = — 7k I 

ir5 5 J E 



B(x;S/2) 



xM A u(M)dM, 



x e u>s- 



(2.16) 



s 3 \\^'\\l W) + s ^ 
v(u-u' e ,n' 5 )<C£(u,n' s ), 



-K Ae a 



\u - r/'n 2 

I U e\\L 2 (Q[ 'r3) 



-£(u e ,n s ) <c£(u,n 5 ), 
< cs 2 £{u,n' s ). 



The constants depend only on to. 

Proof : Wc now consider the covering {uj s n } neNs (sec Lemma 4.1 in Annex A). Wc put us Sn = {x £ 
' 5 n | dist(x,du' Sn ) > 5/2} and 0' Sn = aj' S n x}-5,5[, 0" 5n = w£ n x] -<*,$[, n e N s . The family {^s, n } ^ n < Ns 



verifies 



measure^ w S n \ ws^J = 



n£»5 



From Lemma 2.3 in [4] there exists a rigid displacement r„ such that 

(2.17) V(u-r n ,0' s J + ^\\u-r n \\ 2 L2{0 ^ ^ 3) <C£(u,0' s J, r n (x) = a n + b n A A^x, K.^el 3 . 

The constants do not depend on n nor 5. We calculate the mean of (u — r n )(M) and of xM A (u — r n )(M) 
in the ball B(x, 5/2), x e uj Sn . Due to (2.17) we obtain 



(2.18) < 



C 



\\U (x) - a n - b n A A n x\\' 2 < j£(u,O s J => \\U - a n - b n A A n -\\ Z L2(J , < C5£(u, St J, 



and \\n(x)-b n \\l<^£(u,0' Stn ) 



where || • H2 refers to the euclidian norm of R 3 . From the inequalities (2.17), (2.18) and after elimination of 
the rigid displacement r n , we obtain \ \u — U e \\ 2 L2 ^ „ ^ < C5 2 £(u, O n s ). We add all these inequalities to 

obtain ||«- ^||2 2(n , h3) <C5 2 £{u,ti s ). 

The components U and 1Z of U e belong to iJ 1 (w«5,R 3 ). The partial derivatives of these functions are 

^— S= ^3/ ^—(M)dM, 2 = / A - — (M)dM. 

dx a irb 6 Jb(x;S/2) ox a dx a nd b J B (x:S/2) »a; Q 



Let us calculate the means of — — (w — r„)(M) and of 2: ill A — — (w — r„)(M) in the ball B(x,5/2), x e 



Thanks to (2.17) we obtain 



9x 



(2.19) 



hence, on the one hand 5 



dU 

dx a 

dU 

dx a 

dU_ 

dx r 



(x) -b n Ae a 
-b n Ae 

— 1Z A e c 



dx a 



^-(x)\\l<^£(u,0' s , n ) 
C 



2 




2 


L 2 (lo s tt ,k 3 ) 


dx a 


L 2 (uj 5 71 ,ffi 3 ) 



£ 2 K \>» 3 ) 



<-=-£(«, Ox J, 



< C£(u,O n S ) using (2.18) and on the other hand 



<5 3 ||V^||^ 2(w „ r6) < C£(u,O nS ) . We add all these inequalities 



K Ae. 

ox a 



< c£( u , n 5 ), s 3 \\vn\\ 2 LH ^ se) < c£( u , n' 5 ). 



From (2.18) and (2.19) once more we obtain 

V(u-U' e ,Ol s )<C£(u,0' niS ) => V(u-U' e ,n' s )<C£(u,n' s ). 
Theorem 2.10 is proved. 



3. The displacements of a structure and the asymptotic behavior of a structure made of plates 
3.1. The structure made of plates 

We work on a set of N plane bounded domains with polygonal boundary, included in M 3 , (w;) 1<;<7V . The 
skeleton S is the union of (aJ;) 1<1<N - A face of S is a closed set uJ/. An edge of S is a maximal segment 
shared by a set of faces or a maximal segment belonging to the boundary of a face. A vertex of S is an 
extremity of an edge. 
Hypotheses : We suppose 

HI • for any pair of faces there exists a sequence of faces TJi = uJ; , ZJ; i; ... Ui k = ZJ p such 

that uJi r and uJi r+1 have an edge in common, < r < k — 1, 

H2 • for any vertex A and any pair of faces (w/,uJ p ) containing A, there exists a sequence of faces 
uJi =uji , Wd, ... ZJi k — uj p such that cJi r and aJ; r+1 have an edge in common containing A, < r < k — 1, 

H3 • the skeleton S is fixed all along some edges. 



Figure 1. The skeleton S. 

We denote 

• To the fixed part of the skeleton, 

• J the set of edges common to several faces, 

• M the set of vertexes common to several faces. 

The structure made of plates is the domain Ss = {x e M 3 | dist(x,S) < <5}. This structure is made of the 
gathering of the plates Q l s with thickness 26, with middle surface uii : s and with rounded rim. Each domain 
f2 ; s is equipped with a local frame (O^ ; ef 1 , e^ 1 ), € w;, e^' is the normal direction to the face 
uJ/. The plate fl l s contains the plate — w;x] — <5, 5[ (M 3 being equipped with the above local frame). 
The reference plate is the open set 51; = wjx] — 1,1[ obtained through the transformation of by the 
orthogonal affiniy of ratio 1/5. 

The structure Ss is fixed to part r ^ = {x e dSs \ dist(x, r ) — S} of its boundary . For each edge J e J 
we choose a unit vector ej in the direction of the edge. 

N 

We consider Ss — [J coi,s, the set of the middle surfaces of the plates. 

1=1 

There exist two constants So > and /j,q > depending only on the skeleton S such that for any S e]0, S ] 
the parts common to several plates are in the union of the junctions 

|J jx e M 3 I dist(x, J) < rjaSy 
JeJ 
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The restriction of a function <fi, defined on S, (resp. Ss, Ss), to uji, (resp. uj^s, f2 ; ,5) is denoted <f>^ . In the same 
way, we denote x^a — x^ ■ e£ and x^ — ■ e$ the local variables (a;^ = (x^\x^) — (xf^x^^a:^)). 
The space H 1 (S,M. n ) (resp. H 1 (Ss, R™)) is the set of the functions <j> defined a.e. in S (resp. Ss), with 
values in R™, such that the restriction tp® belongs to H 1 (u}i,M. n ) (resp. H 1 (ujls, R™)) and such that for 
any edge J <G J and any pair of faces (uJi,uJk) containing J, we have the equality of the restrictions to J, 
(0(O) |7 = (^)) |7 in ffV2(j,R"). 

The space H^ g (S,R n ) is the subspace of H 1 (S,K a ) the elements of which are a.e. equal to zero on IV We 
equip i/ 1 (S5,M 3 ) with the inner product 

The associated norm is denoteted 1 1 • 1 1 . 

3.2. The elementary displacements of plates structure 

Definition 3.1 : An elementary displacement of a plates structure (e.d.p.s.) is a displacement 
$ G H 1 (Ss,M. 3 ), such that there exist two elements A and B belonging to H 1 (Ss, R 3 ), such that for any 

le{i,...,N}, 

*C> (x) - A® (x^ ) + (£<') ) A 4'>4'> 

is an c.p.d. of the plate fl t s . 

The functions A and B are respectively the first component and the second component of the e.d.p.s. $. 
The function A accounts for the displacement of the skeleton faces while B accounts for the rotation of the 
normal directions to the plates and of the rotation of the faces around the edges. 

Theorem 3.2 : For any displacement u £ H^ o (Ss,M. 3 ) there exists an e.d.p.s. U e of components (U,TZ) € 
H£ o (S 5 ,M. 3 ) x i^ o (S,5,R 3 ) such that 



(3.1) 



N r FSIJ(1) 2 -, 



1=1 

|2 



[ E(U e ,S 8 ) + V(u- U e ,S 5 ) < C£(u,S s ), \\u - C/ e ||£ 2(Sii ,3 ) < CS 2 £(u,S s ). 



Proof : Let u be in H^ (Ss, R 3 ). Thanks to Lemma 4.1, for any I belonging to {1, . . . , N}, we extend the 
restriction to the plate fi z s , into a displacement of (the plate of thickness 25 and of middle surface 
^i,2s)- Therefore, using the formulas (2.15), we can define an e.p.d. U e ® of the plate f2 z s verifying (2.16). 
Both components U ^ and 1Z ^ of U e ^ are the restrictions of elements belonging to (Ss, R 3 ) (corollary 
of Lemma 2.8 in Annex B). 

Then we build a new e.d.p.s. U e equal to U e in the open set {x e Ss \ dist(x, J) > 2?7o<5} and equal to 

JeJ 

an elementary displacement of rods structures in the junctions (see Annex B). We then can deduce (3.1). □ 
Proposition 3.3 (Korn inequality) : For any displacement u € H^ g (Ss,M. 3 ), we have 

(3.2) ^|| 2 + 5\\U\\ 2 +V(u,Ss) + < ^£(u,Ss). 

The constant does not depend on S. 
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Proof : The estimates (3.1) of the gradients of the IZ^ functions, the nullity of 1Z on T and the 
hypothesis HI allow us to obtain step by step 1 li 2 (s 5 k 3 ) — C/S 3 £(u,Ss). This inequality and (3.1) 
give then an upperbound of the L 2 norms of the functions gradients lA^ 1 . The nullity of U on To and 
the hypothesis HI imply then that HWHj^gj K 3) < C/5 3 £(u,Ss). From these estimates of U and 1Z follow 
T>(U e ,Ss) < C / 5 2 £{u 1 Ss) and H^ell^^ R 3\ < C/S 2 £(u,Ss). Then again, thanks to (3.1), we obtain the 
estimates of the L? norm of u and of its gradient. □ 

3.3. Inextensional displacements, extensional displacements 

The space ffJ ro (S,lR 3 ) is the set of the functions <j) defined a.e. in S, with values in M 3 , such that: 
• for any I G {1, . . . , N}, the restrictions and belong to i? 1 (o;;) and <j$ belongs to 



where p(x) = dist(x,J\f) (distance from the point i e Si to the vertexes belonging to several faces), 

• for any edge J € J and any pair of faces (uJi,uJk) containing J, we have {<i>^)\j = (4>^)\j in 
H^ 2 (J,R 3 ), 

• the function <j> is equal to zero on IV 

We equip H x p p (S, M 3 ) with the inner product 



1=1 Juj ' 

and with the norm \U\ P = y / <U,U > p . The usual norm on iJ^ ro (S,M 3 ) is 



N r 

\m\p = \ E / {\M l) \ 2 + \M l) \ 2 +p\M l) \ 2 } 
\ i=i Ju i 



Lemma 3.4 : The norms \\ ■ \\ p and \ ■ \ p are equivalent in Hj >Fo (S, K 3 ). Moreover the space H^ Q (S,M. 3 ) is 
dense m if ^ (S, R 3 ). 

Proof : Sec Annex C. □ 

Definition 3.5 : An inextensional displacement of the skeleton is an element U belonging to 
i/i ro (S,R 3 ) such that 

VZe{i,...,iV}, la0 (U^) = Q, in uiu 

The membrane component 17$ = U^e^p + U^ep of an inextensional displacement is a rigid displacement 
of the face TJi. The inextensional displacements space of the skeleton is denoted Dj(S). 

Definition 3.6 : An extensional displacement of the skeleton is an element of the orthogonal De(S) 
of Dj(S) in^ ro (S,R 3 ). 

The set of extensional displacements is equipped with the semi-norm 



e = 



N 

\ i=i Ju " 



The semi-norm || • \\e is a norm, because if U € De(S) is such that ||f ||b = then, ^apiU^) = for any 
I. The displacement U is then of inextensional type and is equal to zero. 
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Lemma 3.7 : The norms \\ ■ \\e and \ ■ \ p are equivalent in D,e(S). 

Proof : Sec Annex C. □ 

Corollary of Lemma 3.7 : Let u be a displacement belonging to H^ Q (<S<5, K 3 ) and U e the e.d.p.s. given by 
Theorem 3.2. The restriction to S of the first component U of U e can be written as the sum of an extensional 
displacement and an inextensional displacement, 

(3.3) U = U E + U T , U E eD E (S), U I eD I (S). 
According to the inequalities (3.1) and Lemma 3.7 we have 

(3.4) \Ue\ 2 p <C\\U e \\%<j£(u,S s ), |£/}£<^£(u,.S 5 ). 

The constants are independent of S. 
3.4. The limit displacements 

Let (us) s>a be a sequence of displacements belonging to H^ g (Ss, K 3 ) and verifying 

(3.5) £(u 5 ,S 5 )<C5, 



where the constant is independent of 6. Thanks to the estimates (3.2), (3.4) and (2.4), from the sequences 

~5 



SUs, STZs, SUi.s, Ue,s and -jTs{u^p) we extract some sub-sequences, still denoted in the same way and which 



weakly converge, 



(3.6) < 

I 6 

The sequences 8Us and 5Uij have the same limit in i^ ro (S,R 3 ) because the sequence SUe,s converges to 
in Hp(S,M. 3 ). After passing to the limit and from (3.1) comes 

r)U [l) 

(3.7) Vle{l,...,N}, Vae{l,2}, ' = A gg>. 

8x a 



SU 5 




siis n 


weakly in 


SUi, s 




weakly in 


Di(S), 


U E ,s 




weakly in 


De(S), 


Ts(u ( P) 




weakly in 





Now we define the space of the inextensional displacements limits. We put 

Vj(S) = [Ae Dj(S) n Hh Q (S, M 3 ) | 3B e H± (S, M 3 ), -^y = B« Aef, VZ e {1, . . . , N}} 



For any A G T>i(S), there is only one B which we denote VA Then we have 

f) A(l) ^ 

V/e{l,...,7V}, Vae{l,2}, ™=VA®M®. 

dXa 

We equip 2?/(S) with the norm = ||V.4||.h-i(s,r3). The inextensional limit displacement Uj belongs to 

IMS). 



n 



3.5. Limit of the unfolded displacements and limit of the unfolded strain tensor components 

Using (2.8) and after transformation by unfolding we have the following limits in the refering plates : 

' 5T S {uf) Uf> weakly in H\n h R 3 ) 

du (l) 

Ts{uZ-Ufl s )^U ( £ a -tf^ weakly in H\^), 



(3.8) 



dx a 



Ts( laP (uf)) ^ ^\ 



dU 



(0 



+ 



2 >- dx® dx<& 



J 



t (l) ° U I,3 
('WO 



dx„dx 



U~tr> 



du 



(I) 



dt 



(I) 



weakly in L 2 (Qi), 



weakly in L 2 (Qi). 



3.6. Elasticity problem 

The plates are made of an homogeneous and isotropic material. Our equations are given within the framework 
of linearised elasticity. In S$ let the elasticity system be 



(3.9) 



d du^ s 



OX: 



u s = on r ,(5, 



Oil:' 



dx 



-j-rij = in T s , T s = dSs \ T j. 



The variational formulation of the problem (3.9) is 



(3.10) 



f us e H± o (S 5 ,m.*) 



Vv € H' o (Ss:R 3 ) 



where a---/-/ = XS^5-f-' + u(5--r 5--> -\-S--r 5--r). The constants A and a are the Lame constants of the material. 
The plates fi ; s are submitted to volume applied forces . Among these forces we make a distinction between 
those concerning the extensional displacements and those concerning the inextensional displacements. 



N 



(3.11) 



Fs(x) = J2{Sfi(x {l) ) + f E (xV)}l ai ,,(x)> fi> Se e L 2 (S, 



where Qi t s = ujix] — 5,5[ (in the local frame ) and where ln M is the characteristic function of the open set 
ili.s- Hence several volume forces are stacked up in the junctions. 
The function Je verifies the condition of orthogonality 



(3.12) 



yveDj(s) 7 [f E -v 

Js 



0. 



Let (Us,TZs) be the two components of the e.d.p.s. associated to the solution us of the problem (3.10). In 
the plate fli t s, the displacement dp is the sum of the e.p.d. llf\x^) + TZ^(x^) A xp^p and a residual 
displacement. The displacement Us is the sum of an extensional displacement Ue,s and of an inextensional 
displacement Ui.s- Then, thanks to (3.1) and (3.4), we have 

(3.13) 1^ f Fs-us- f f E -U E ,s-S f // ■ I7j.il <C{||/b||l"(s,»3) + ||/7||l"(s,.3)}^(««,«5«) 
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hence 



| / F s -u s \ < C{||/e|| L 2 (SiR 3) + \\fi\\L'(s,R3)}V5y/£(u s ,Ss). 

JSs 



We deduce that the solution of the variational problem (3.10) verifies the estimation 
(3-14) £(us,S 5 ) < C£{||/ B ||1 W) + ll//|l! W) }- 

3.7. Asymptotic behavior of the stress tensor 

We begin with determining the partial derivatives of the residual displacements vS l > in the normal directions 
to the plates. 

Let </> be a displacement of R 3 ), equal to zero in the neighborhood of all the sets Jx] — 1, 1[ where J 

is an edge of the face w;. For 5 small, the displacement 4>g{x) = S(f>(x^ L \ — §-) is an acceptable displacement 

o 

of the full structure S$ . We have the following strong convergences of the unfolded of the strained tensor 
components of (j>s- 



' Ts^a^s)) — >0 strongly in L 2 (Qi), 



(3.15) 



7^(733(05)) 



2 9t« 



dt 



(0 



strongly in L (fij), 



srtongly in L 2 (Qi). 



We now take ^,5 as a test-displacement in (3.10), we transform by unfolding the integral on Q^g into an 
integral on and after dividing by the thickness of the plate we pass to the limit. We obtain 



(3.16) 



ou ES t (l) ° U I,3 1 OU E.2 U I,3 



(I) l 3 



(0 



}2r r (0 



dxf^' 2 



— t v 



dx 



(0,2 



} + (A+2/i) 



<7u 



(0 



(0 



dt 



(0 



<9i4 90i <9u 2 



= 



because the right member of (3.10) tends to (—1 f F$ ■ <p$\ < CS\\(j)\\ L 2^Q l „3)). 

The set of these test-displacements is a dense subset in L 2 (uji 7 H 1 (] — 1, 1[, R 3 )). Hence the equality (3.16) is 

Qui 1 ) 

verified for any element of L 2 (uji, iJ : (] — 1, 1[, R 3 )). We deduce the partial derivatives — 777- in terms of the 
first partial derivatives of Ujp and of the second partial derivatives of U^p , 



(3.17) 



1 - 2 = 0, 



du 



(0 



dt 



(0 



dt 



(0 



hi - hi 4. A 1 ' ATI 

(i) „ m +r 3 ^ u 



dx. 



(0 



We give now the weak limit in L 2 (£l{) of the unfolded of the stress tensor components 



(3.18) 



r 5 (<7u(4°)) 



T S {a 22 {uf)) 



I Ts{a i3 (uf)) -0. 



1 — z/ 2 



" .(0 3 ^(0.2 + " 



Sa^ 



dx\ 



E 



1 - Z/ 2 



<9f7 



9a; 
(0 

B,2 



dxi'' z 1 9x 2 ^ 

01 U I,3 \ 

3 - Oflji)/' 



(') 



£-2i. 



(0 



da^ <9ai 2 



9a; 



(l) *3 



(0 



dx { ; 



(0 



3 teP' 



2rrW 



Sari' 



(0,2 
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3.8. The extensional displacement Ue or the problem of coupled membrane plates 
Theorem 3.8 : The extensional displacement Ue is the solution of the variational problem 



N 

( 3 - 19 ) £ / [(! - ^ha/rfha/^) + VjUU^hMV^)} = [ fE- V W G D B (S). 

w/iere £7 is the Young modulus and v the Poisson constant . □ 
The proof of Theorem 3.8 requires the next lemma. 

Lemma 3.9 : For any element V G Hp a (Ss ,R 3 ), there exists a sequence of displacements (Vg)o<s<S 
belonging to H^ o (S So ,R 3 ) n H^ o (S s ,S. 3 ) such that 

(3.20) V s — >V strongly in H^ o (S So7 R 3 ). 

Proof : See Annex E. □ 

Proof of Theorem 3.8 : Let V be an element of H^ o (S,M. 3 ), we extend V into an element, still denoted 
V, of the space Hp o (Ss ,R 3 )- We take Vs as a test-displacement in (3.10), we transform, by unfolding, the 
integrals on the plates into integrals on the reference plates then we divide by 28. Thus we are led to take 
into account again and again the neighborhoods of the edges belonging to J. 
Let J be an edge common to several faces. For any face TJi containing J, we have 

( 3 - 21 ) I a ist{ ^ J)<Vo s}M^(Vs il) )) strongly in L 2 ^). 

The part of Ss neighbour of the edge J and common to several plates is contained into the cylinder 
{1 G K 3 dist{x,J) < rjod}. Thanks to the convergences (3.21) its contribution in the limit problem is 
equal to zero. Then we can make 8 tends to in order to obtain (3.19) with the displacement V. The limit 
of the right handsidc term of (3.10) is given by (3.13). 

The set iJp o (S,R 3 ) is dense in iJ^ Fo (S,R 3 ) (Lemma B.3), which gives (3.19) with any displacement of 
D E (S). □ 

3.9. The inextensional displacement Ui or the problem of coupled bending plates 
Theorem 3.10 : The inextensional displacement Uj is the solution of the variational problem 



E " f r d 2 uf\ d 2 vi l) m mi f 



The proof of Theorem 3.10 requires the next lemma. 

Lemma 3.11 : For any element V € T>j(S), there exists a sequence of displacements {Ws) 0<s<g such that 



(3.23) W s e H^ o (Ss,R 3 ), and < 



Ts(W { s l) ) — >V {1) strongly in L 2 (0 ; ,M 3 ), 
Ts{i a p{W^ ] )) — > -4 , )___3_ strongly in L^Qi), 

{ T 5 ( 7fe 3(wf)) — >0 strongly in L 2 ^). 



Proof : See Annex E. 
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Proof of Theorem 3.10 : Let W be an element of T>j(S). For any edge J and any face u>i containing J 
we have 



( 3 - 24 ) V*,,., I ^(,(0,,)< J?o5 }^(^(^ ) )) strongly in L 2 ^). 

We take Wg as a test-displacement in (3.10). We transform, by unfolding, the integrals on the plates into 
integrals on the reference plates, then we divide by 26. We pass to the limit (thanks to (3.24) the contribution 
of the immediate junction neighborhoods tends to 0). We obtain (3.22) with the test-displacement V. □ 

Remark 3.12 : The problems (3.19) and (3.22) are coercive. It results that the whole encountered 
sequences converges to their limit. We are going to show now that these convergences are strong. We 
consider the formal displacement U of the structure Sg defined in each plate by 

U (l \x) = U%\xW) + - 5 Uf\^) + VC/fOrW) A xf4\ x e fi,, 5 . 

Let 1 jc be the characteristic function of the complement in Sg of the union of the edges neighborhoods 

[J {x G Sg | dist(x, J) < rj 5}. In the reference plate f2j, we have the convergences 
JeJ 

.(0 



TginMs'^Wjl) ^0 weakly in L 2 (n t ). 



Hence 



N N 



E/ cT^HjiU^) < f 'Tg{a ij {uf))Tg{ lij {u ( -g V) m{lj S ) 

l=l Jn, s^o l=1 Jn, 

= lim^r / Vij{ughij(ug)ljc < lim [ a t3 {ug)-f t3 {ug) 

= W 4 / Fs ' u& = i im , f F S' U 6= [ fs-U E + [ fi-Ui 
s^o 25 J Ss s^o 25 J Ss J s J s 

The first term of (3.24) is the sum of the left handside members of (3.19) and (3.22). Hence the above 
inequalities are equalities. Besides 

— ^xf a ij( u 5hij(u6)ljc <lm^ [ °ii{ug)lij{ug) < lim ^- / a tj {ug) llj {ug) 
5^0 26 J s g^ 26 J s S^o 26 J s , 



5^0 *o j Ss " g^Q zo j Ss a-Hj zo j Ss 

and BPo h j s ^(^)^(^) 1 ^ ^ ^ X 5 m^m 1 ^ ^ ^ £ a ^ 



{Ug)jij(ug) 



We deduce that lim / (7jj(u$)7ij(u$)(l — ljg) =0. All the sequences of the unfolded of the strained 
tensor components strongly converge in L 2 (Qi). We have also the strong convergences 

5Ug — >Ui, 5Kg — >K strongly in H^S,^ 3 ), 
6Ui t g — > Ui strongly in Dj(S), 
U E ,g — > U E strongly in D E (S). 

3.10. Complements 

The orthogonal condition (3.12) requires an explanation . First, for any function <fi € _ff 1 (wj) equal to zero 
on the edges, the displacement $ defined by 

$W — cf)e^\ in u>i, and by in the other faces, 
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belongs to Di(S). We deduce that the function f$ 3 is orthogonal to <p and then, by density of these 



E,3 

2/ 



test-functions in L 2 (uii), we get 

(3.25) Vie{l,...,JV}, /g 3 = 0. 

Let D/ ; o(S) be the space of the inextensional displacements equal to zero on the edges belonging to J and 
let (£>j.o(S))~ L be its orthogonal in Dj(S) for the inner product < ■, • > p . The subset (^/^(S)) 1 " is of finite 
dimension. The condition (3.12) is then equivalent to 

(3.26) V^e^^S)) 1 , ff E -V = 0. 

Js 

This last condition results in a finite number of equalities related to the means in the faces Zoi of the 
components f^ a of f E . 

4. Annexes 

4.1 Annex A. Proof of Theorem 2.3 

The proof of Theorem 2.3 is based on Lemma 2.3 in [4] and on Lemma 4.1. 
We denote 

u) n = {x € R 2 | dist(x, cu) <r]}, t) > 0. 

Lemma 4.1 : There exist R > and 5 > 0, depending only on u), such that for any 5 g]0,8o], uj 2 s is 
covered by a family of open sets, of diameter less than R6, star-shaped with respect to a disc of radius 6/2 
and such that any point of L02S belongs to a finite number ( independent of 8) of open sets of that family. 
Proof : The open set A pq =](p - 1/2)6, (p + 3/2)6[x](q - 1/2)5, (q + 3/2)<5[, (p,q) E 1? , has a diameter 
of 2v / 2<5 and is star-shaped with respect to the disc of center ((p + 1/2)6, (q + 1/2)6)) and of radius 6/2. 
Let Is be the set of the pairs (p, q) of Z 2 such that A pq C u. The distance between the boundary of uj and 
U( p , 9 )ei 5 A P q is lcss tnan 3(5 - 

Let us proceed now to the covering of the neighborhood of the boundary of uj. 

The boundary of uj is lipschitzian. Hence there exist constants A, B, C, M strictly positive, a finite number 
N of local coordinate systems (xi r ,X2r) in (0 r ;ei r ,e2 r ) an d maps f r : [—A, A] — > M, Lipschitz continuous 
with ratio M, 1 < r < N, such that 

N 

9UJ = (j|(xi r ,X 2r ) I X 2r = fr(xir), X\ r S] - A, 
r=l 

N 

{iGW dist(x, duj) < C} C [J |(a;ir, X2r) \ fr(%lr) < x 2r < fr(%lr) + B, \xi r \ < A| C UJ, 

r=l 

N 

UJ C \ UJ C (J \[xi r ,X 2r ) I fr{xir) - B < X 2r < fr(xir), \xi r \ < A| C R 2 \ CJ. 
r=l 

Through the use of easy geometrical arguments we show that if 46 < inf{C, B/\fl + M 2 }, we have 

N 

UJ2S \ UJ C (J |(xi r ,X2r) | /r(xi r ) - 25\/l + M 2 < X 2 r < fr{xir), \xi r \ < A|, 
r=l 

N 

{x e uj I dist(x,duj) < 46} C (J |(xi r ,x 2r ) | f r (xi r ) < x 2r < /r(xir) + 45^1 + ^" 2 , |xi r | < 



r=l 
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For any a e] — A, A — 28[, the domains 



Bs.a.r = {(xir,x 2r ) \ fr{x\ r ) ~ (6M + 2)<S < x 2r < f r {xi r ) + (6M + 2)8, x lr e}a,a + 2S[} 

and Bs.a.r H u> are star-shaped with respect to the disc of center (a + 6, f r (a) + (3M + 1)8) and of radius 8/2. 
These open sets have a diameter less than 6(3M + 1)8 = R8. 

For < 8 < S = inf{B/(6M + 2),A/2,C/4} the open sets A pq ((p,q) G Is), Bs,a p ,r, where a p = pS e 
[—A, A[ (p e Z), Bs,-A,r and Bs,A-25,r (rg{l,..., iV}) cover cj 2 5; their diameter is less than i?(5 and they 
are star-shaped with respect to a disc of radius 8/2. Any point of oj 2 s belongs to a finite number (depending 
only on u) of open sets of that family. □ 

We denote {w Jn } nejYf the covering of uj 2 s obtained in Lemma A.l and {^s^} neN/j the covering of to defined 
by uj s , n = %nw, n e N s . 



Proof of Theorem 2.3 : The open set ix>s, n is star-shaped with respect to a disc of center A n and of 
radius 8/2. We put O s . n — cj,5_ n x] 8, 8[d ^2(5, n G Ns- The domain Os,n has a diameter less than (i? -t- 2)8, 
and is star-shaped with respect to a ball of center A n and of radius 8/2. From Lemma 2.3 of [4], there exists 
a rigid displacement r n such that 

(4.1) V{u-r n ,0 5 , n ) + ^\\u-r n \\\v {0sn m3) < CS(u,O s , n ), r n (x) = a n + b n A A//x, (a n , b n ) e M 3 . 
The constant depends only on R. 

We calculate the mean of (u — r n )(x) and of x^e^ A (u — r n )(x) on the intervals {5?}x] — 8, S[, x e ujs.u, then 
we integrate on cj ni s the inequalities we have obtained. Thanks to (4.1), we have 



Figure 2. The domain Bs, a ,r 



(4.2) 




In (4.1) we eliminate the displacement r n thanks to the estimations (4.2). Hence we have J7 e ||| 
C8 2 £(u, Os t n), then we add these inequalities and we obtain 



L 2 (C^„,m3) ^ 



u-U e \\ 2 L2{ ^ R3) <CS 2 £(u,ns). 
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Both components of e.p.d. U e belong to if 1 (w,IR 3 ). We calculate the mean of the gradient of (u — r n )(x), 
then the mean of x^e^ A V(u — r n )(x) on the intervals {x}x] — S, 8[, x e cos, n - Using (4.1) we obtain 



(4.3) 



dU , ^ 2 
b n A e a 

ax„ 



L 2 (w 5> „,r3) 

hence, after elimination of b n in the first inequality, 



iYR 2 <j£(u,O s , n ), 

L 2 (u) 5 ,n,<% ) 



dx 



(4.4) 



dUi 



+ 



dxi 
ax i 



L 2 (uj s , n ) 
2 



+ 



dxo 



L 2 (uj s , n ) 

dx 2 



+ 



dUi dU 2 2 

dx 2 dX\ L 2 (u 5 , n ) 



From (4.3) and (4.4) we deduce the estimate of £(U e ,Os, n ) 



£(U e ,Os, n ) < C£(u,Os, n ) hence E(U e ,H s ) < C£(u,Sl s ). 
From (4.3), (4.4), (4.1) and after elimination of the gradient of r„ we also deduce 

V(u - U e , O s , n ) < C£(u, O s , n ), hence V{u - U e ,Sl s ) < C£{u, fi 5 ). 



Theorem 2.3 is proved. 



□ 



4.2 Annex B. About the second decomposition of a plate displacement 
4. 2. a Extension of a plate displacement 

Let w be a polygonal bounded domain in R 2 . The boundary of u is made of a finite number of segments. 
Let C be a connected component of duj. There exists 5 > such that for any d G]0, 5 ] the domains 

Cs = | a; € M. 3 | dist(x,C) < and C 3S = ja; e M 3 | dist(x, C) < 3j| 

are rods structures. Then there exists /u > such that all the balls centered in a vertex of C, and of radius 
3t7 <5 contain the junctions of the rods belonging to C 3 s- 

We recall that for any 6 G]0, 5'q], there exists an extension operator, linear and continuous, Ps from ^(Cs) 
into H 1 (C3s) such that for any <f) e H 1 {Cs), 

(4.5) P 5 (<% 5 = 0, 11^(0)11^^) + ^l|VJ^(0)|| [i2(C35)] 3 < C{|!^|U 2(C5) H-^IIV^H^^^s}. 
The constant does not depend on S. 

Proof of Lemma 2.8 : We begin with extending u in the neighborhood of a connected component of doj. 
Let C be a connected component of dcj. The restriction of u to Cs is a displacement belonging to H 1 (Cs, K 3 ). 
Hence there exists an elementary displacement of a rods structure (e.d.r.s.) U et R (see [5]) which coincides 
with a rigid displacement in each set B(A, 3rj 5) H Cs where A is a vertex of C and which verifies 



(4.6) 



£(U e ,R,C s ) +V(u - U e . R ,Cs) + -jp\\u - U e , R \\ 2 L 2 {C5 9?) < C£(u,Cs)- 



The displacement U e ^R is also an e.d.r.s. of C35 and £{U e> R,C 3 s) < C£(u,Cs). The displacement 



U 'c 3S = U e,R + Pd(u- U e>R ) 
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is an extension of u to the set Cz$. From (4.6) we have the following inequalities: 
(4.7) £(u C35 ,C 35 ) < 2{£(U e , R ,C 3S ) + £(P s (u-U e , R ),C 35 )} < C£(u,C 5 ) 



In the same way we build an extension of u in the neighborhood of the other connected components of duj. 
The extension Vsiu) is then the displacement which coincides with u in Q s and which is equal to one of the 
previous extensions in Qg \ fl s . The estimates (2.14) are the immediate consequences of the inequalities (4.7) 
obtained in the neighborhood of each connected components of w. □ 

Remark 4.2 : If one of the edges of the boundary of uj is fixed we can take an e.d.r.s. with its two 
components equal to zero on this edge without modifying the estimates (4.6) and then extend u beyond this 
edge by 0. □ 

Remark 4.3 : We also can construct an extension operator Pg when lo is of lipschitzian boundary with 
the help of a few changes. □ 

4.2.b Modification of an e.p.d. in the neighborhood of an edge. 

Let J be an edge contained in the face to, Jg the rod 

Js = {x e M 3 | dist(x, J) < 5} c fl's, 

and u a displacement of the plate 0<y . Without being detrimental to the general case we can suppose that 
the edge's direction is ei and that one of these extremities is the chosen origin on the face, so that J is 
identified with the segment [0, L] x {0} where L is the edge's length. 

The restriction of the displacement u to the rod Js can be decomposed into the sum of the elementary rod 
displacement (c.r.d.) J7 e ,jj of components Ur and TZr and of a residual displacement. We choose an c.r.d. 
Ue t R coinciding with a rigid displacement in the balls centered in the extremities of J and of radius T]o6 (see 
[5]). We have 

U e ,R{x) = Ur(xi) + TZr(xi) A (x 2 e 2 + x 3 e 3 ). 
We know (see [4] and [5]) that the components Ur and TZr of U e ,R belong to i? 1 (J, R 3 ), and verify 



(4.8) 



dK, 



dxi 



L 2 (]0,L[,r3) 



+ 



dx\ 



K R Aei 



2 C 

< -^£(u, Js) 



k S(U e ,R, Js) + V(u - U e ,R, Js) + p \\U - C/ e> ij||!2 (j5;K 3) < C£(u, Js) 



The functions Ur and TZr are extended into functions belonging to ff^ c (R,K 3 ) (by construction TZr is 
constant and Ur is linear in a neighborhood of the extremities of J). These extensions are then identified 
with elements belonging to Hl oc (R 2 ,W) depending only on the variable x\. 
Let 

j's = {xen' 5 \ dist(x, J) < (2r/ + 1)6 j 

be the rod and Js the neighborhood of J in us, 

Js = | a; e lus | dist(x, J) < 2ri S j 

From the estimates (4.8) of the restriction of u—U e ^R to Js we deduce the following estimates of the restriction 
of u - U e ^R to j' s : 



(4.9) 



V(u - U e , R , J s ) + p\\u- U e , R \\ 2 L2{f h3) < C£(u, J s ). 
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The constant depends on L and r/ . 

The displacement u of the plate 5 is decomposed into the sum of an elementary plate displacement U e ,p, 
given by (2.15), and of a residual displacement, 



U e ,p{x) = Up(x) +TZp(x) A x 3 e 3 , x € tt s . 



Besides the inequalities (2.16), we also have 



(4.10) 



dx c 



TZp A e a 



2 



<C£(u,J 5 ), 



V(u - U e , P , J s ) + ^\\u- U e , P \\ 2 L2{J>3) < C£(u, J s ), 
This allows us to compare the different elementary displacements. We obtain 

(4.1D ii^-mpII^+^ii^-^iiW)^^"'^- 

The estimate of \\TZr — 7lp\\ 2 2 - follows from the nullity of TZr — TZp on J. 

We are now going to modify the e.r.d. U C: p in the neighborhood of J. 
We consider a function m belonging to C°°(R + , [0, 1]) such that 



(4.12) m(t) = 1 Vi > 2, 



m(t) =0 Vi < 1, 



|m (i)| < 2 Vi e 



We define the components, U and 72 , of a new e.r.d. U e by 



(4.13) 



/dist(x, J) - 



\ r] S 

71 (x) = 7l R (x)(l - m( rf ^' J) )) + 72 P (x> 
(x) = U (x) + 72.' (x) A 2:363, xeSl'j. 



V rj S 
/dist(x, J) 

V 770(5 



Hence we have by construction of U e 



if x € and dist{x,J) < rjgS then ?7 e (x) = U e .n(x) 
if x e 0,5 and dist(x,J) > 2rj S then f7 e (x) = U Cy p{x). 



Thanks to (4.8), (4.10), (4.12) and (2.16) the e.p.d. U e verifies 

dU' 



* 3 ||Vft'||i 2(ta , 4 ,,a ) + 



<9x r 



-72 Ae c 



L 2 (u?5,ffi 3 ) 



+ 5(^,n' tf ) < C5(«,n' tf ), 



2>(u - (7 e , O,) < n 4 ), ||u - tgil^,^ < C<5 2 £( u , fi 4 ). 

The constants depend only on uj, J and 770- 

4.3 Annex C. About the spaces i7^ ro (S,R 3 ) and 7J B (S) 

For any 9q e]0, 7r[ and any r > 0, we denote C r .e = |(x, y) S -B(0; r) | < # < 6*o j, Jo the segment of origin 
O and of extremity A = (0, 1) and we denote Jg the segment of origin O and extremity B = (cos(#o), sin(6* )). 
We denote r = dist{x, O), x E M 2 . 
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Lemma 4.3 : Let <fi belong to i/ 1 (Ci^ ), for any a e]0, 1], we have 



( 4 - 14 ) / * |ll*ll£»(c ll<o) + JhI^IIIW^)] 

Proof : We recall that for any u e i? 1 (0, L) and for any a e]0, 1], we have 

(4.15) f Q H t)\H^ d t < ^ H t)\Hdt + ^- ^ 



Let us take <G C oo (Ci ) e ). We apply the inequality 4.4 to the restriction of to a radius coming from the 
origin and contained in C\^ a . This gives 



/' 

Jo 



r cos 



*{0)ram{pj)\ 2 dr ^± [' cos(9),r sm(9))\ 2 rdr + ^ f ^ (r cos(0), r sin(0)) 
r a CY Jo ot J or 



rdr. 



We then integrate with respect to 9 between and 9 and we obtain (4.14). The density of C°°(Ci.g ) into 
-ff 1 (Ci,e ) gi ves the inequality for any function of the space i/ 1 (Ci^ ). □ 

Lemma 4.4 : Let u be in i/ 1 / 2 (J ), v be in H 1 / 2 (Jg ) and a G]0, 2]. There exists a function w belonging 
to H} oc (Ci, 0a ) n L 2 (C Mo ) such that 



Vo = u ' w \Je = w > and 



'US 



\U Cl , eo ) + f \^M 2 r a < ^{\H 2 H y HJo) + \\v\\ 2 H y HJe J. 



4 

The constant depends only on 6 . Moreover w belongs to W 1,p {Cij ) for any p, such that 1 < p < . 

2i ~\~ ex 

Proof : We denote J (resp. Jg ), the segment of same direction as J (resp. Jg a ) and of length tan(# /2). 
The function u (resp. v) extends by reflexion into an element still denoted u (resp. v) belonging to if 1 / 2 (Jg) 
(resp. H^J'J). 

Let u and v be the functions belonging to i/ 1//2 (J U J 0a ) defined by 

u\j' = u, u.j, (teg ) = u(te ), 

. _ •° . te]0,tan(fl /2)[ 

V\j> o {te ) = v{teg ), Vy, = v, 

where eg = cos(#)ei + sin(#)e2, 6 G [0,#o]- There exists a continuous lifting operator from i? 1 / 2 (J U J 0o ) 
into i? 1 (Ctan(e /2),6o)- Let ^ (resp. V) be the lifting of u (resp. v). In the triangle Te of vertexes (0, 0), 
(0,tan(6'o/2)) and tan(#o/2)(cos(0o)>sin(#o)), containing C\.g a and contained in Ctan(6> o / 2 )>0o' we define w 

by 

iri sin(0 o ) - a; 2 cos(0 o ) . T ,, * «2 
w(xi,a;2) = (7(a;i,a;2) — T 7-7^ . , , + V(x\,xi)- 



x<2.(\ — cos(#o)) + xi sin(^o) ' x 2 (l - cos(9 )) + x 1 s'm(9o)' 

In the above expression the coefficients of U{x\,X2) and V{x\,X2) are barycentric coordinates of point 
(xi,x 2 ) belonging to Tg . By construction we have w\j — u and iW|j e = v. The function w belongs to 
L 2 (Tg a ) and 

IMU»(T 9o ) < \\U\\LHC^ iea/2) ,e a ) + II^IU 2 (C tan(9o/2) , eo ) < C{IMIhi/2(, 7o) + | |v| |^ 1/2( ^ } . 
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We then calculate the partial derivatives of w and wc conclude that w belongs to Hl oc (Tg ). Moreover we 
have 

|Vw(a;i,X2)| < C{\VU(x 1 ,x 2 )\ + \VV(x u x 2 )\ + \(U - V)(x 1 ,x 2 )\ r - 1 } (x u x 2 ) £ C tan(eo/2) ,e 

The constant depends on O - Thanks to the inequality of Lemma 4.3, we have 

4,, ,,o 2 



p v\ 2 r a ~ 2 <-\\u- nuc^) + j>\\nu V)\\f L2(Cieo)]2 

Ci,e « « 

=► i l V H 2 ^<§{ll^ll^(c ta „ (eo/2) , ) + ll^ll^(c ten(eo/2) ,, )}- 

■/Ci,e 

Eventually we obtain the estimate of Lemma 4.4. Moreover we have 



|VH P <{/ |Vu;| 2 r Q } 2 { f r-^Y 



CKjO 4 
Hence to belongs to W 1 ' p (Ci ) e ) if < 2. That is to say for 1 < p < — — . □ 

Corollary : If a = 1, the function w belongs to W 1 ' p {C\j ) for any 1 < p < 4/3. □ 

Proof of Lemma 3.4 : 

Step 1 The norms are equivalent. 

Let be V in i/p To (S,R 3 ). Wc applied the classical Korn inequality to the membrane displacements V$ — 
V^fip + Vj^e^ and then we add all the inequalities to obtain 

N 

i=i 

hence 

\\v\\ p <c{\v\ p + \\v\\ lhs , r3) }. 

The space -ffip o (S,R 3 ) is embedded in L 2 (S,R 3 ) (see Lemma 4.4). Then we prove by contradiction that 
there exists a constant Co such that \\V\\ P < Co\V\ p . Moreover we can immediately see that there exists C\ 
such that \V\ P < Ci||V||p. The norms | • \ p and || • || p are therefore equivalent. 

Step 2 The space i^ o (S,R 3 ) n L°°(S,R 3 ) is dense in i^ ro (S,IR 3 ) n L°°(S,R 3 ). 

Let be V € H^ Ta (S,R 3 ) n L°°(S,R 3 ), we consider the sequence (Vg) g defined by 



Vs(x)=V(x)^m(^^), xeS 

AeAT 



where m is given by (4.12). The displacement Vg is equal to zero in the neighborhood of each vertex belonging 
to TV. This displacement belongs to iJ^ Q (S,R 3 ) n L°°(S,R 3 ) and wc have 

\\V S - V\\ L 2 {StK3) < C6\\V\\ L ao ( s&), H^IUoo^s) < C\\V\\ L ~ ( a&)- 

We calculate the gradient of the restriction of to each face ZUi . Using the L 2 estimate of Vg — V, we obtain 
\Vg\ p < C{|V r | p + ||l / ||L=(s,K 3 )}- The constant does not depend on S. The sequence (Vs) s>0 weakly converges 
to V in iJ p \ ro (S,R 3 ), which gives the density of i?p o (S,R 3 ) n i°°(S,R 3 ) into i7^ ro (S,R 3 ) n L°°(S,R 3 ). 
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Step 3 The space # p \ ro (S,R 3 ) n L°°(S,R 3 ) is dense in H^ r „(S, 
We consider the truncature function Tm from R 3 into R 3 defined by 

(x if||x|| 2 <M 
T M (x) = I x M . || 2 >m, 

I IfI|2 

where M belongs to R+ and where 1 1 - 1 1 2 is the euclidian norm of R 3 . The map Tm is piecewise C 1 verifying 

Tm(0) — and ||VTM||[,L«>(>3.if 3 )p < C (the constant does not depend on M). 

Let V E H^ To (S,m. 3 ), V M = T M (V) belongs to H^JS,^) n L°°(S,R 3 ) and verifies 

||Vm|U2 (SiR 3) < H^ll^^s), HVmIUoo^s) <m, \v m \ p <c\v\ p . 

The constant does not depend on M. When M tends to infinity, Vm tends strongly to V in Fo (S, R 3 ). 
Hence the density of H^ To (S, R 3 ) n L°°(S,R 3 ) in H^ To (S, R 3 ). □ 

Proof of Lemma 3.7 : Wc put V G £>_e(S). As in the proof of Lemma 3.4 we get 

N 

1=1 

We put J <E J a, common edge to the faces u7; and ZJk ■ The restrictions to J of the membrane displacements 
V$ and Vffl completely define the restriction V\j. Hence we get 

W V \A/'(J,^) < C(\\V\\% + \\V\\ 2 L2{SiK3) ) 

With the help of Lemma 4.4 we build a displacement W <G iJ^ ro (S,R 3 ) such that 

W W = VW, VZe{l,...,iV}, W lJ = V lJ , VJeJ, 

and verifying 

\w\l < C£{\\wv^ M]a + HVT/ 2 (i) ||f i2(wi)]2 } + cJ2 \\Vu\\ i? 1 /2(J lE 3) 
1=1 J&J 

The displacement V — W is of inextensional type and hence orthogonal to V, hence 
(4-16) \V\ p <\W\ p <C(\\V\\ E + \\V\\ L 2 {SiS3) ). 

Now we show that the norm || • \\e is equivalent to the norm | • \ p in De{S). We already have ||1^||_e < \V\ P 
for any V G D_e(S). We suppose that the norms are not equivalent. For any n £ N*, we can find V n € -D_e(S) 
such that ||Ki||_e < l/ n and \V n \ p = 1. The sequence (V n ) N , being bounded in i/J(S,R 3 ), we can then 
extract a sub-sequence, still denoted in the same way, such that 

V n ^V weakly in i£ ro (S, R 3 ). 

The limit V belongs also to De(S). Let us make n tend to infinity in the inequality || V n \\E < we obtain 
la/3(V^) = 0. The displacement V is of inextensional type, and hence is equal to zero. 
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If p E [1, 4/3 [ the space H*(S, M. 3 ) is continuously imbedded in W^ P (S, R 3 ) (see Lemma 4.4) and if p e]l, 4/3[ 
the space W 1,P (S,R 3 ) is compactly imbedded in L 2 (S,R 3 ). Hence the sequence (V n ) n&e converges strongly 
to in L 2 (S,M 3 ), hence llVUI^/g R 3) — > 0. From (4.16) follows then that the sequence (V n ) „ converges 
strongly to in 7?J ro (S,R 3 ). This stands in contradiction with \V n \ p = 1. □ 

4.4 Annex D. The inextensional displacements 
4. 4. a. The inextensional displacements of -Dj(S) 

Let U be an inextensional displacement. From the definition of the inextensional displacements we have 
lap{U^) = in tJj. Hence, in each face the membrane displacement Uj$ = U^^p + U^ep is a rigid 
displacement. The restriction of U to an edge J <G J is then 

(4.17) U\j(M) = ^j + TtjAAjA% VMeJ 

where Aj is an vertex of the edge. The vectors Aj and depend only on the edge. We choose 
orthogonal to ej to have the unicity of this vector. 
4.4.b. The inextensional displacements of £>j(S) 

A displacement A € 'Dr(S) verifies —. . = VA^ A e^. This displacement belongs also to Di(S), hence 

dxf> 

VA3 "* is constant in each face. Let A be a vertex belonging to Af and let J and L be two edges sharing the 
vertex A. The functions A and VA belong to H 1 (S,R 3 ). The hypothesis H2 implies that 

(4-18) \\A\juL\\mn(juL,wP) <C\\A\\i, ||VA| juL,\\mn(juL,wP) <C\\A\\i. 

From (4.17) we have A\j{M) = ~Aj + ~3 j A All and A\ L (M) = ~A L + ~3 L A All, hence ~A,j = ~A L . We 

denote A(A) this value which is common to all the edges containing the vertex A. 

We also have T^j A e j = VA|j A ej. The vector VA|j A ej is constant along the edge J, hence 

Bj • (ej A e L ) = 7^ L • (ej A e L ). 

There exists a vector B71 € R 3 (depending on 7^,/ and ~B* l) such that 

A ej = l^j L A ej, ~B* L A e L =~3 JL A e L . 

Since VA| L (M) A e L = 7J L A e L = A for any M E L. From (4.18) we deduce that 

Lj \VA\j(A + tej) A e L JL A e L | 2 



/ 

Jo 



-dt < C||A|| 

jo <- 
hence 



^ | VA|./(A + tej) - ~3jl)\ 2 ^ _„ ... 
! < C||A||/, 



because we have VAij(M) A ej = B jl A ej for any M E J. The vector B jl docs not depend on the edge 
L. Hence this vector is independant from the edges that go via A, and is denoted VA(A). 
The restriction of the displacement A to any edge that goes via A is the restriction to that edge of a rigid 
displacement depending only on the vertex A, 



VJej7, VMeJ, A\j(M) = A(A) + VA(A) A All. 
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4.5 Annex E. The test functions 

Proof of Lemma 3.9 : Let U be an element belonging to Hp g (Ss , 

We suppose that the real So is such that the two balls centered in the extremities of the edges and of radius 
8?7o<5o do not share any common point. 

Step 1 For any 8 in the interval ]0, do], we build a displacement E/^i constant in the neighborhood of each 
vertex belonging to Af and approaching U . 

We begin with modifying U in the neighborhood of an vertex. Let A be an vertex common to the faces 
aJ/j, ... , ZJi p ; ^ the mean value of in the disc B(A; S) n wj i)( 5 and ~X the mean value of the vectors 
~A^\ If the vertex A belongs to To we replace ^4 by 0. 
We define the displacement Us, a in uJi,s by 



U, 



a^O) = U(^)m(^) + {l- m(^) }% I e {h , l p} . 

where m has been introduced by (4.12) and where = dist(x^ l \ A). In B(A; 2rjoS) rWz i( $ the displacement 
Uf\ is by construction constant and equal to A. We have 

8x W 9x W \ U A J m \2 Vo 6)2 m 6rW V ™ V 2 Vo S J J 9x W ' 
Let us estimate the L norm of the gradient of uf\ - , le{h,..., l p }, 

W VU S,A ~ VC/(i) llfl, 2 ( W! , 5o ,«3)] 2 ^ C \\ VU{l) \\fL2(B(A-A- no S)n- l]5o ^)]2 + p\\ Uil) ~ ^Hl 2 (B(/l;4r,o<5)nU ljao ,«3) 

The Poincarc-Wirtinger inequality allows us to estimate the L norm in the disc B(A; J)riWj^ , 

If J is an edge of vertex A contained in uJi , then we have 

\\U\J - ~^ \\ 2 L 2 {B(A;S)n.LR 3 ) - ^ll^^^llfL 2 (B(A;«)nwi,j ,R 3 )] 2 

For any other face cJk,5 containing J n B(A; S), we also have the above estimate, hence 

ll^ (fe) - < ^{l|vc/«||f L2(B( ^ )nUMo ^ )]2 + l|vc/( fe )||f i2(B( ^ )nz;jfc ^ oiR 3 )]2 }. 

We deduce that 

p 

||£/(i) _ ~X\\ 2 L 2( B ^ A . 5)null iJo)R 3) < CS 2 ^ ll VC/(/,) |lfL 2 (B( J 4^)ntu ii , 5o , K 3)] 2 

i=l 

-M H B ( A; ivo s)n w *) < C<5 2 El|VC/^)||f i2(B(A;4T , o 



<5)nw ife ,5 ,k 3 )] 2 
fe=l 



And eventually 



p 



I^A - J/||ffi(S 4o ,R3) < ll V[/( ' fc) |l[i 2 (B(^;4r,o<5)n^ fe , 5o>R 3)] 2 



fe=l 

25 



We can do the same with all the structure vertexes. We 

; we have 

\\Us,i - ^||j?i(s 5o ,« 3 ) < C X! H^llH 1 (B(^;4»?o«)ns 4o ,H 3 ) 



... ............. .......... ... ... . . ... . , ..v, denote f/^i the displacement obtained after having 

modified U in a neighborhood of each vertex. Hence 



Step 2 Let J be an edge belonging to J. This edge is common to the faces u^, ... , u>i p . We denote Vg 1 ^ 
the element of ff^J.R 3 ) defined by 

and we denote V^j the mean values of {{ej h \ £j h ±} is an orthonormal basis of the direction of the face 
aJ/J. We have V^f G H 1 ^,® 3 ) and 

(4 19) f ^ - < CS\\U SA \\ Hia ^ < C6\\U\\ H1(T5 s3) 

\ \\U - v 5,j\\m{? 5 ,m?) - C ^ Us ^m(j 5 ,^) - C W U \\m(? s ,n3) 

where Jg = {x e Ss \ dist(x,J) < rj S}, Js is the union of two-dimensional sets of breadth 2rio5 and of 
length Lj + 2i] S. If the edge J is contained in r , we take V^j = 0, in this case we have again the estimate 
(4.19). The displacement 

belongs to -ffp o (Si, R 3 ) and verifies 

\\Ug - ?7||jji(S 4o ,r3) <C^] ||J/||jfi(B(A;4»,o«)nS 4o ,R3) + C ^2 ' 1^1 Iff 1 (J 4 , B 3) 

The constant is independant of <5. Lemma 3.9 is proved. 

Proof of Lemma 3.11 : Let be U € T>i(S). We recall that there exists only one function in H^ (S 7 
denoted VU such that — m = VU {1) A eg>,l e {1, . . . , iV}, a e {1, 2}. 
Step 1 Extension of and of V£/~ w to loij. The displacement 

u (0(a;) = + VC/«(x«) A 4° 4°}, * e fy* = wjx] - M[, 

of the plate O/^ extends into a displacement still denoted of the plate Cl l s = lji^x] — 8, S[. The extension 
is by construction equal to zero on L ,<5 n Cl t s . We have 

where T;^ = {izK') G | dist{x^ l \ dcoi) < 2?7o<5)}. Let be the e.p.d. associated to vF> by the formulas 
(2.1), its components \u® and \lZ^ are the restrictions to w; 2 <5 of elements (denoted \lA, belonging 

do 0/ 

to ff^Si.R 3 ). They verify wg = I/O, ftW = and 



□ 



(4.20) 



~dx7 + l< - 2 



yx 2 
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i 2 ("i,5) 



<C5||W«|U 1(r! , 4;B 3) 



Step 2 We denote V s { ' the displacement 



We modify in the neighborhood of the vertexes belonging to M. 

Let A be an vertex belonging to J\f, for any edge J containing A, we have 

U ]J (x) = U(A) + VU(A)AAx = r A (x), x e J. 

For any face 57j containing the vertex A, we define the displacement uf\ by 

where m has been introduced by (4.7). We have uf\(x) = l/5rA(x) in B(A, 2t]qS) n Let us remind 

that for any edge J containing the vertex A, we have TZ\j = VU\j and 1Z\ j A ej = Vf/| j A e j = V/7(A) A ej. 
Hence, thanks to (4.20), we have the following inequality : 



dU {l) 

\\H - VU(A)\\ L 2 mAAmS)nSs , M3) + -jJL. - VU{A) A 4 ;) 
<C5{\\VU\\ H i(B(A,4 Vo s)ns s ,ii 3 ) + \\VU^\\ H i(r, , 5 ,« 3 )}- 



L 2 (B(A4 t?0 <5)nS a ,M 3 ) 



This inequality implies that 

H^l.A ~ V S l) Wh(B(AA Vo 8)nn> liS ^ CT3 {l|Vt7||ffi(B( J 4,4r )0 «)nS 4 ,ii3) + ||W (i) ||Hi(r Ml „3)}, 

and ttf ,^,*) < C5{||VC/||H 1 (B(A,4^)ns„.3) + ||VC/«|| H i ( r M , R 3)}. 

The displacement J/j'j = ^ uf\ coincides with a rigid displacement independent of I in the neighbor- 

AeTJi rW 

hood of each vertex contained in the face ZOi and verifies 

£(V$-VP,rt lt8 ) < CS{ ]T \\VU\\ HHB{AArioS)nSs , s3) + ||WW|U 1( r M)K 3)}. 

AeUi rW 

Step 3 We modify uf \ in the neighborhood of each edge belonging to J. 

Let J be an edge belonging to several faces and oJi a face of S containing J. We take the orthornormal 
frame (Oj; ej, ej \, ed^) linked to the edge J and to the plate containing this edge, Oj is an extremity 
of J and ej the direction of the edge {xfj — i' 1 ' • ej € [0, Lj], Lj the length of the edge). In this frame we 
consider the neighborhood of J 

J$ =]0,Lj[x]-ri5,ri5[x]-W[, V > 1- 

The restriction of Ug \ to (r) = 1) is decomposed into the sum of an elementary rod displacement 
and of a residual displacement, 

"i'tei^M ) - dPfrj) + ^W) A (x«Ml + 4°4° )• 
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Lot us remind that (sec [4]) the components lif 1 and TZj^ of belong to _ff 1 (J, R 3 ), and verify 



dTlf 2 



fix 



1,7 



L 2 (J,K 3 ) 



+ 



(0 



l 2 (j,r3) f5 2 d <S 2 



{v{utl-u^j?) + ^\u?l " (0lia 



r." : , ; ^<C£(^,ji z) )<C£(uW,ji () ) 



e^ M L 2 (J< !) ,R 3 ) 



By construction, the displacement J/^'j coincides with a rigid displacement in the neighborhood of the edge 
extremities. We deduce that 

\\U\j-U?\\l W) <C£(u«\4 l) ), \\VU\j- Tlf\\l 2{JiR3) < <jL£(u«\jf>) 



The edge J belongs to the faces . . . , cj; p . Let f/ e ,j be the elementary rod displacement equal to the mean 
^mentsC/^,...,^ 

dUj I 2 dWj 



value of the displacements Eif j , . . . , Eif}^- The components of C/ ej j being Uj and 7^j, we have 



fix 



1.7 



L 2 (J,u 3 ) 



+ 



fix 



KjAej 



u 



l 2 (j,r 3 ) f5 2 



i=l i=\ 

We deduce (see [4]) that 

' j2£(U e ,j,J^ 6 )<C±£(u^,J^) 

i=l »=1 

Ej^^i? - ^, 4&) + in**' - ^11* } < c±£( U ^,j^ oS ) 



i=l 



Now we modify the displacement uf \ in the neighborhood of the edge J 



U®{x) = U®{x){l-m( 



(dist(x {l \J) 



Vo5 



)} + U e ,j(x)m( 



/dist{xV\j) 



Vo8 



)}, a;efiV 



Then we have 



±£(uff-U^M\^)<C±£(u^\j^ s ) 



i=i 



i=i 



Eventually the displacement Us obtained by modifying Jjf\ in the neighborhood of each edge of J belongs 
to H\ a (S s , M 3 ) and for any I e {1, . . . , N} verihes (3.23). □ 
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